Abstract. Sums over inverse s-th powers of semiprimes and k-almost primes are transformed into sums over products of powers of ordinary prime zeta functions. Multinomial coefficients known from the cycle decomposition of permutation groups play the role of expansion coefficients. Founded on a known convergence acceleration for the ordinary prime zeta functions, the sums and first derivatives are tabulated with high precision for indices k = 2, . . . , 6 and integer powers s = 2, . . . , 8.
Overview
Series over rational polynomials evaluated at integer arguments contain subseries summing over integers classified by the count of their prime factors. The core example is the Riemann zeta function ζ which accumulates the prime zeta function P 1 plus what we shall define the almost-prime zeta functions P k (Section 2). The central observation of this manuscript is that the almost-prime zeta functions are combinatorial sums over the prime zeta function (Section 3). Since earlier work by Cohen, Sebah and Gourdon has pointed at efficient numerical algorithms to compute P 1 , series over reciprocal almost-primes-which may suffer from slow convergence in their defining format-may be computed efficiently by reference to the P 1 .
In consequence, any converging series over the positive integers which has a Taylor expansion in reciprocal powers of these integers splits into k-almost prime components. Section 4 illustrates this for the most basic formats.
Number theory as such will not be advanced. The meromorphic landscape of the prime zeta functions as a function of their main variable appears to be more complicated than what is known for their host, the Riemann zeta function; so only some remarks on the calculation of first derivatives are dropped.
Prime Zeta Function
Definition 1. The prime zeta function P (s) is the sum over the reciprocal s-th powers of the prime numbers p [16, 15, 27] (1) P (s) ≡ P (s) for s ≤ 9 are provided by the sequences A085548, A085541, and A085964-A085969. Table 1 complements these by using [4, 30, 13] (2)
µ(n) n log P (M, sn)
for a suitably large prime M , where µ is the Möbius function [1, (24.3.1) ], where ζ is the Riemann zeta function [11, 22] [18, (9.5)], and
an associated definition of a partial product. Moments are listed in Table 2 . The first line,
is A143524 [32, 13] . The total of all values in Table 2 is The first derivatives dP (s)/ds of (1) are evaluated as the first derivatives of (2) [1, (3.3.6)],
Here, primes denote derivatives with respect to the main argument, which is the second argument for the case of P (., .). 
Zeta Functions of Almost-primes
3.1. Nomenclature. We generalize the notation, and define the k-almost prime zeta functions by summation over inverse powers of k-almost primes q j , Definition 2. In slight violation of the almost-terminology, the Prime Zeta Function is incorporated as just one special case,
Remark 3. The sequence q j is given by the primes A000040 if k = 1, by the semiprimes A001358 if k = 2, by the 3-almost primes A014612 if k = 3, by the 4-almost primes A014613 if k = 4, by the 5-almost primes A014614 if k = 5, by the 6-almost primes A046306 if k = 6, by the 7-almost primes A046308 if k = 7 etc. P 2 (2) is A117543, and P 3 (2) is A131653.
Remark 4. One step further defines prime multi-zeta functions of the form
If the exponents are restricted to a common number s, they retrieve the information of the P k (s) in slightly entangled form, for example P (s, s) = 2P 2 (s) − P (2s) [8] .
Each integer n > 0 is either a member of the set {1}, or of the set of primes, or of the set of semi-primes, etc. These disjoint sets are labeled by the sum of the exponents of the prime number factorizations of their members,
The Riemann zeta function may be partitioned into sums over the almost-prime zeta functions,
Remark 5. ζ(s) may be taken from [1, (Table 23. 3)] for s ≤ 42, or from A013661, A002117, A013662 -A013678 while s ≤ 20, or from the link to "Recent additions of tables" in Plouffe's database [28] while s ≤ 99. Ω(n) is tabulated in A001222.
3.2. Numerical Scheme. Table 4 of P k (s) is deduced from (18) utilizing values of the prime zeta function as discussed above and summing over the partitions π(k) of k with weight coefficients Proof. (18) is the main result of the paper. For small k, explicit verification can be done along Price's [29] construction, where the k-almost primes fill triangular, (k = 2), tetrahedral (k = 3) etc. sections of a k-dimensional Euclidean lattice labeled by the prime numbers along its Cartesian axes [5] . The case P 1 (s) = P (s) just repeats the definition (10). The case (15) accumulates in P (2s) the sum over the squares, and in P 2 (s)-with the binomial expansion-again the sum over the squares and twice the sum over products of distinct primes. After division through 2!, each semiprime is effectively represented once.
The generic proof follows through induction: the terms of the right hand side of (18) contain the factor (k; 
of the symmetric group S k [20, (2.2.5)] with P (ms) substituted for the indeterminates of cycle length m. Skipping any interpretation within a Redfield-Pólya symmetry, its recurrence
is already established [20, (2.2.9) ]. This matches precisely the recurrence on the left hand side which generates P k by a combination of products of lower-indexed almost-primes,
This recurrence is valid because each k-almost prime which appears on the left hand side of this equation can be generated in k ways by a product of the form P (js)P k−j (s): in ω(k) ways by splitting off a prime number and multiplication with a number of the sum in P k−1 (s), for each divisor of the k-almost prime which is a square of some prime in addition by multiplication of the square with a term in the sum in P k−2 (s), and so on for divisors that are cubes of some prime etc.
The simple pole of ζ(s) at s − 1 with Stieltjes constants γ j [12, 3, 23] ,
is associated with a logarithmic singularity of P (s) at s = 1 and singularities of P (s) on the real line between s = 0 and s = 1 where s is the inverse of a square-free integer [16] . If k > 1, the k-almost zeta functions inherit these and add more by the mechanism evident from the multipliers in Theorem 1. P 2 (s) in (15) , for example, inherits singularities at 1/2, 1/3, 1/5, 1/6, 1/7, 1/10 etc. from the term P 2 (s), and singularities at 1/2, 1/4, 1/6, 1/10, 1/12 etc. from the term P (2s), illustrated in Fig. 1 . 
Sums over even indices follow from there as the complement in (14) . 3)] applied to (18) yields the first derivative
.
Numerical evaluation yields Table 5 . The underivative
i log p i ] has been evaluated numerically for k = 1 by Cohen [13, 25] .
3.3. Möbius (Square-free) Variant. Reduction of the summation to k-almost primes with k distinct prime factors defines a signed variant of the prime zeta functions:
where ω(.) is the number of distinct prime factors of its argument.
Remark 7. The criterion Ω(n) = ω(n) = k selects the prime number products (square-free k-almost primes) of A000040 (k = 1), The sum
converges for s > 1 2 if the Riemann hypothesis holds [14] . Application of the multinomial expansion [1, (24.1.2) ] to the powers P k (s) leads to the recurrences Theorem 2. 
Redistributing the sign with
shows that a recurrence equivalent to (21) is applicable. 
Remark 8. Sums over odd indices are [31]:
In the limit x → 1 we find [18, (0.141)]
Larger powers of the first factor of the denominator display partial sums of zeta functions through partial fraction decomposition,
Examples of these numbers are collected in Table 7 , A152416 and A152419. Their sum is
Definition 4.
Restriction of the summation in (39) to k-almost primes defines a set of constants B k,s [19] , Table 8 . Some values of B k,1 . In accordance with (36), the series limit of the partial sums is 1 as k → ∞.
This reduction to a geometric series and sum over the P k has been used to calculate Table 8 . This definition introduces an analog to (14) ,
Remark 9. B 1,1 is A136141, calculated by Cohen [13] . B 1,2 is A152441. B 2,1 is A152447.
Projection of (39) onto the n of a fixed Ω(n) yields
The benefit of this formula is that the B k,s can be derived from B k,1 without accumulating the individual terms of the geometric series proposed in (41), reaching back to Tables 1 and 4 instead. Consider for example B 3,2 ≈ 0.003404 = B 3,1 − P 3 (2) ≈ 0.041920 − 0.038516 in Table 9 .
The square-free variant of (41) is Table 9 . Some values of B k,s . The series limits of the partial sums k B k,s are in Table 7 . 
As in (41), there is a representation generated by expansion as a geometric series, and another one from the decomposition in partial fractions:
Explicit values follow in Tables 10 and 11 . The special values of
1,s = −B 1,s can be read off Table 8 and 9 . Because the squared primes are those 2-almost primes which are not square-free, constants like
can be extracted subtracting values of Tables 9 and 11 . Table 10 . Some values of (44) at s = 1.
Definition 6. The Hurwitz Zeta Function is
On the trot, we project this sum onto the subspaces of k-almost primes, too, Definition 7. (Hurwitz Prime and Almost-Prime Zeta Functions)
This partitions (48) into Table 11 . Some values of (−1) 
The reduction of (49) to the Prime Zeta Functions is obtained by the binomial expansion [18, (1.110 
Pochhammer's symbol (s) l ≡ Γ(s + l)/Γ(s) is introduced to simplify the notation [1, (6.1.22) ]. Brute-force accumulation of partial sums over l for the case a = 0 Table 12 . Some values of P k (s, 0). Cohen has reported P 1 (2, 0) [13] , which is A086242 [32] . 
The derivative of (53) with respect to s is
in terms of digamma functions ψ [1, (6.3)]. Cases with a = 0 are illustrated by Table 13. 4.3. Logarithmic Functions. Repeated integration of (35) with respect to x yields a ladder of functions with increasing order l + 1 of the polynomial of n Table 13 . Some absolute values of (56) at a = 0. 
n(n + 1)(n + 2)(n + 3) ; (58)
n(n + 1)(n + 2)(n + 3)(n + 4) ; (59)
The rational coefficients of the auxiliary polynomials obey the recurrence
i!τ i,l are tabulated in A067176 and A093905. Substitution of inverse k-almost primes for x in (60) followed by summation defines constants L k,l which generalize (4), Table 14 . At l = 1, partial fraction decomposition of 1/[s(s + 1)] in (62) implies that L 1,1 plus the value at u = 1 in Table 2 equals the value in (5). Series of the form s≥1 P k (s + l)/ l i=0 (s + i) are quickly accessible by subtracting the τ -dependent terms of (62) with the aid of Table 4 . Varieties with non-contiguous factors in the denominator can be reduced to the L k,l basis by partial fraction synthesis: examples of this approach with one missing factor s + 2 or two missing factors s and s + 2 on the left hand side are .
Remark 11. The case of x = 1/2 in (34) is decomposable in k-almost primes as well [17, 9] (65) log 2 = These sums generated from |x| < 1 converge rapidly on their own and do not need the acceleration strategies outlined in the first sections. Restricted summation over k-almost primes in the spirit of (41) would split these into another basic type of constants.
Summary
Almost-prime zeta functions have been defined by restriction of the summation of the standard definition of zeta functions to k-almost primes. Their values can be bootstrapped from a multinomial overlay of the values of the ordinary prime zeta functions. Efficient schemes to compute the latter have been employed to calculate series summed over k-almost primes of some basic inverse polynomials to high accuracy.
